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Description

This course will introduce participants to mathematical biology with a mathematical modeling-
centric perspective. We will discuss several research vignettes, including examples from epidemi-
ology and developmental biology, and use biological questions to illustrate both classic approaches
and emerging techniques. For example, we will discuss compartmental modeling, dynamics on and
of networks, parameter estimation, reaction-diffusion equations, cellular automaton modeling, and
agent-based modeling. We will also highlight how data-driven methods for equation learning and
topological data analysis (especially persistent homology) are being used in new ways to address
challenges in mathematical biology now.

Complementing this, we will talk about methods for reading biological papers, working with quan-
titative or qualitative data, and effectively communicating mathematics in written and oral form
across disciplinary boundaries. We will use computation, analysis, and modeling. Throughout the
course, we will point out biology–math feedback loops, looking for how math can suggest exper-
iments and how taking a biological perspective can drive new math. The latter portion of this
course will include student presentations and discussions of research papers, and students will each
complete a mini research project.

Other notes: There will be no exams, and grades will be based on participation, presentations, a
few homework assignments, and the mini research project. In terms of background, experience with
linear algebra and differential equations at the undergraduate level will be assumed; I anticipate
that most projects will involve some simulations.

Based on this formulation, we now derive an equation for the
changes in local density M of a population of mussels, in a 2D
space. As the model describes pattern formation at timescales
shorter than 24 h, growth and mortality (as factors affecting local
mussel density) can be ignored. Local fluxes of mussels at any
specific location can therefore be described by the generic con-
servation equation:

∂M
∂t

= −∇ · J: [2]

Here, J is the net flux of mussels, and ∇= ð∂x; ∂yÞ is the gradient
in two dimensions.
To derive the net flux J, we assume that mussel movement can

be described as a random, step-wise walk with a step size V that is
a function of mussel density, and a random, uncorrelated reor-
ientation. In the case of density-dependent movement, the net
flux arising from the local gradient in mussel density can be
expressed as follows (SI Text):
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where τ is the turning rate, following Schnitzer (30) (equation
4.14 of ref. 30). The “drift” term M∂V=∂M accounts for the
effect of spatial variation in local mussel density on the spatial
flux of mussels. This term does not appear in the case of density-
independent movement, but its contribution is crucial when up-
scaling the density-dependent movement of individuals to the
population level.
Following earlier treatments of biological diffusion as a result

of individual movement (2), we complement this local diffusion

term with a term that accounts for the long-distance movement
by including nonlocal diffusion as Jnl =∇ðkΔMÞ with nonlocal
diffusion coefficient k. The nonlocal diffusion process has a rel-
atively low intensity, and hence parameter k is much smaller in
magnitude than the local movement coefficient in Eq. 3. We can
now gather both fluxes into the total net flux rate in Eq. 2,
J = Jv + Jnl, to define the general rescaled conservation equation
as follows (SI Text):

∂m
∂t

=D0∇½ gðmÞ− k1∇ðΔmÞ$: [4]

Here, gðmÞ= vðmÞ
%
vðmÞ+m ∂vðmÞ

∂m

&
, where vðmÞ=m2 − βm+ 1

is a rescaled speed. D0 is a rescaled diffusion coefficient that
describes the average mussel movement, and k1 is the rescaled
nonlocal diffusion coefficient. Rescaling at the basis of Eq. 4
is given by the following relations: gðmÞ= ðm2 − βm+ 1Þð3m2 −
2βm+ 1Þ with m=

ffiffiffiffiffiffiffi
a=c

p
M, D0 = c2

2τ, k1 = 2τk
c2 , and β= b=

ffiffiffiffiffi
ac

p
.

Here, β captures the depression of diffusion at intermediate
densities in a single parameter. In this model, spatial patterns
develop once the inequalities β>

ffiffiffi
3

p
and β< 2 are satisfied, lead-

ing to a negative effective diffusion (aggregation) gðmÞ at inter-
mediate mussel densities. Thus, if mussel movement is significantly
depressed at intermediate density, then effective diffusion gðmÞ
becomes negative, mussels aggregate, and patterns emerge. If
the depression of mussel movement speed at intermediate mussel
density is weak, then gðmÞ remains positive, and no aggregation
occurs at intermediate biomass (Fig. S1). Under these conditions,
no patterns emerge. The fitted values for a, b, and c reveal that the
effective diffusion clearly can become negative (as β= 1:8339), as
shown in Fig. 1C (red line). Eq. 4 predicts the formation of regular
patterns (Fig. 1D), in close agreement with the patterns as

A B

C D

Fig. 1. Pattern formation in mussels and statistical properties of the density-dependent movement of mussels under experimental laboratory conditions.
(A and B) Mussels that were laid out evenly under controlled conditions on a homogeneous substrate developed spatial patterns similar to “labyrinth-like”
after 24 h (images represent a surface of 60 cm × 80 cm). (C) Relation between movement speed and density within a series of mussels clusters (mussel density
is rescaled, where 128 equals to 1). The blue line describes the rescaled second-order polynomial fit with Eq. 1. The red line depicts the effective diffusion gðmÞ
of mussels as a function of the local densities according to the diffusion-drift theory. The open circles show the original experiment data, and the solid squares
represent the average speed of each group. (D) The numerical simulation of Eq. 4 implemented with parameters β= 1:89, D0 = 1:0, and k1 = 0:1, simulating the
development of spatial patterns from a near-uniform initial state.
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Figure 1: Mathematical biology. Examples shown here are drawn from ecology, epidemiology, and develop-
mental biology and involve partial and ordinary differential equations, agent-based modeling, and topological
data analysis. First image reproduced from “Phase separation explains a new class of self-organized spatial
patterns in ecological systems” by Liu et al. in PNAS (2013); third image reproduced from “Modeling stripe
formation in zebrafish: an agent-based approach” by Volkening et al. in J Roy Soc Interface (2015).


